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1 Introduction

Variational approximation methods are an emerging class of deterministic techniques
for analytically approximating high dimensional intractable integrals. In this regard,
they provide alternatives to the predominant Markov chain Monte Carlo (MCMC)
methods in the fitting of and inference for complex statistical and probabilistic mod-
els. Whilst variational approximations sacrifice some of the accuracy of MCMC, they

are significantly faster to compute, particularly when applied to large datasets or com-
plex models (Ormerod and Wand 2012).

Variational approximations have become a key component of inference in Computer
Science, having applications in such diverse areas as speech recognition, document
retrieval and genetic linkage analysis (Jordan 2004). Despite this, variational approx-
imations have yet to attain widespread attention in statistical settings.

This project develops theory for the particular technique of Gaussian variational ap-
proximation in the inference of Bayesian generalised linear models, proving that es-
timators in this context possess useful frequentist properties such as consistency and
can be used to calculate asymptotically valid standard errors.

Postal Address: 111 Barry Street Email: enquiries@amsi.org.au
¢/- The University of Melbourne Phone: /+61 3 83441777
Victoria 3010 Australia Fax: +613 9349 4106

Web:  www.amsi.org.au



2 Bayesian Generalised Linear Model

The observed data are (y;,%;),1 <i < n. For each 1 <i < n, define the p x 1 vectors
x; = (z,...,75)" and 1, as a vector of length n consisting of ones. The entries of
the explanatory vectors x; are unrestricted real numbers, while the response variables
y; are subject to restrictions such as being binary or non-negative integers.

We consider one-parameter exponential family models of the form

p(y|B) = exp {y"XB — 1;6(XB) + 1,¢(y) }
where 8 = (f1,...,0,) is a vector of parameters with prior 3 ~ N (0, J%I).

Common examples of these exponential family models include the Poisson case, for
which b(x) = e and ¢(z) = log(x!), and the logistic case, for which b(z) = log(1 + e*)
and c(x) = 0.

The marginal likelihood is given by

ply) = L /R exp {yTXB —176(XB3) + 1] c(y) —

I
(2mag)P/? 203

ﬁH?}dﬁ_ "

We note that p(y), and hence p(Bly), involves a potentially intractable integral over
RP. We use the method of Gaussian variational approzimation to approximate p(y).

3 Gaussian Variational Approximation of Bayesian
Generalised Linear Models
Gaussian variational approximation involves the derivation of a lower bound for the

intractable marginal likelihood using a Gaussian density. This is achieved by employ-
ing the notion of Kullbalck-Leibler divergence, the details of which follow.

Let ¢(B) be the p-variate Gaussian density function with mean g = (y, ..., #,) and
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covariance matrix >. Then we have
logp(y) = [ a(8) o p(y)ap

- oo | 0+ faos ] o2

2 fuova ) o

The inequality arises from the fact that

] ooy L?é@ﬂ !

for all densities ¢, with equality if and only if ¢(3) = p(B|y) almost everywhere (Kull-
back and Leibler 1951).

)

>0

Hence, a variational lower bound for the marginal log-likelihood is given by

p(y,B)
q(B)

logp(y) > E, {log ( )] = logp(y; i, X)

where
logp(y; p, ) =y Xp — 17 B(Xp, dg(XEXT")) + 1] c(y) — Zlog(c?)

1
52
2(7ﬁ

el + ()] + 5 log x| (2)

is the Gaussian variational approximation to p(y), B™ (i, 0?) = [*_b") (cx+p)¢(z)dz,
¢ is the N(0,1) density function and dg(A) is the vector consisting of the diagonal
entries of A. For the Poisson case, B(u,0?) = exp{u + %02}. For the logistic case,
numerical integration is required.

The greatest lower bound for p(y) is obtained by maximising log p(y; u, X) over the
variational parameters p and ¥. We denote these maximum likelihood estimators by
p and X, respectively.
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4 Consistency and Standard Error

4.1 Consistency

We now prove the consistency of the maximum likelihood estimators of the model
parameters based on Gaussian variational approximation. In order to do so, we impose
the following conditions:

(A1) for 1 <i < n, y,;|x; are independent;

(A2) for 1 < i < n, the random variables x; € R are independent and identically
distributed with p fixed;

(A3) the distribution of each y; belongs to a natural exponential family with E[y;| =
b(x!'B,), where B, are the true values of 3;

A4) for each 1 < i < n, E[x;x!] is element-wise finite and positive definite;

A5) b(xI'¢) is infinitely differentiable in &;

(A4)

(AD)

(A6) b (xT¢) is continuously differentiable in &;

(A7) ©"(By) = Ex[zi;b") (xI' By)] exists for r = 0,1, 2;
(

A8) x;, p and X are element-wise bounded;

Note that
dlogp L
L - X" (y — BV (Xp, dg(XE2X"))) — = )
n 78
01
and aOEgQ = %' — X"diag(B® (Xp, dg(XEX")))X — 03’1 (4)

(Opper and Archambeau, 2009)

The following theoretical results are used in the course of proving the consistency of
the maximum likelihood estimators.

Lemma 1. (Horn and Johnson 1985, 7.7.5) The inverse of an Hermitian matriz

[A B]_lz[ I 0} [(A—Bc—lBT)‘1 0 } {I —BC—l}

BT C -C BT 1 0 c |0 I
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Lemma 2. Let M be a symmetric pxp matriz anda = (ay, . .., a,)". Thena” [M + diag(d)] ' a
is a strictly decreasing funtion of d;, where d = (dy, ...,d,)" and diag(d) is the p X p
diagonal matriz containing the entries of d along the main diagonal.

Proof.
. my1 + dy mio
M + diag(d) =
g( ) m% M22 + ]:)2
Moy - m2p
where mys = (mya, ..., my,), Dy = diag(ds,...,d,) and My, =
mp2 DY mpp
Then, by Lemma 1,
T . 1 | 1 0
M + diag(d =
a’ [M +diag(d)] a=a (Mo + Dy)'m?, I, ,
y _(mn + dy — myp(May + D2)_1m{2)_1 0
i 0 (MQQ + D2>_1
e -1
y 1 m;o(Msy + Dy) a
_0 Ip—l

1 —m12<M22+D2)_1 a
0 I

p—1

Let b =

Then

b}
Cdy +myy — m;2(Mas + Do)~ 'm7,
+ b} (My 4+ Ds) " 'by (5)

a” [M + diag(d)] "' a

where bQ = (bQ, e bp)

Clearly, (5) is strictly decreasing in d;. The result follows for d; after relabelling. [

Lemma 3.
T _ -1
x; Xx; = 0p(n™7)
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Proof. Setting (4) to zero, we obtain

1

3= [0 T+ XTWX]

where W = diag(B® (X, dg(X2X"))). Using the Sherman-Morrison-Woodbury ma-
trix identity, we have

xI'Sx; = x7 [o52 1+ XTWX] ' x,
= o3|xil|? — oixIXT [2XXT + W] Xx,
Now, by Lemma 2, x! XT [azXXT + W] ' Xx; is a strictly decreasing function of

w; ', Let

v = inf BP(xTu,x7'Ex;).
NI

Then v is bounded away from zero by assumption (A8) and the fact that B (-,) is
bounded away from zero for finite arguments. Then,

-1
x; 3x; < og||xi||* — opx] X" [o5XXT +47'] T Xx;
=x/ [’yXTX + 0521] ! X;

1 5 n 0_—2 -1
T T B
1=

Let

n

i=1

By the strong law of large numbers, and under the assumptions (A2)-(A3), we have
A, A

where A; = x;x. Now, using the Taylor series expansion about %052 = 0, we obtain

1 _ 1 _
xI'Yx; < -y 'xFA % + —V_QJEIXTA_QXZ- + Op(n_3)
n

0 n i n 2 7 n
p 1 1. T 1 —2
= =7 x; ATx; +0,(n77)
n
_ -1
=O0p(n™")
O
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We note that the proof of Lemma 3 is identical for e] Xe;, where e; is the p x 1 vec-
tor with 1 in the i-th row and zero elsewhere. That is, ¥;; = O,(n™!) forall 1 < 4,5 < p.

Result 1. p is a consistent estimator of 3.
Proof. The Taylor series expansion of B" (xF u, xI'$x;) about x! ¥x; = 0 gives

Z

= b (x{ ) + Op(n™)

BO (! pu, xT8x;) a0 b0 (0 ) + 200D (xT p)x! B, + 10 (T ) [xT )+

Hence, for each j =1,...,p, (3) gives

1 & 1 & 1L
= i.:_z Ty — 4o (2
n & Yils; n 4 TLij (x; 1) o2 + Op(n™7)

B

=—me (1) + Oyn 7). )
Now, by the strong law of large numbers and under assumptions (A1)-(A2),

% > w5 Z Yiij
=1

EX ZCU 1)(X¢Tﬁo)] = ¢(By)

and

—Z% (xT ) =5 Ex [0 (xT )] = ().
Hence, we have

2(Bo) = (1) + 0p(1),

As p(€) is continuous in &, the multivariate mean value theorem applies and so there
exists a ¢* € (u, By) such that ©(8y) — p(p) = Vo(c*) ' (By — p). Thus

Bo = 1+ 0p(1).
Hence, p is a consistent estimator of 3,,. O

Result 2. The rate of convergence for fi is O,(n=1/2).
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Proof. Consider the maximum likelihood estimator B of log p(y|3). Note that

dlog p(y|B)
B

Hence for each j =1,...,p, we have

Z YiZij = Z ﬂﬁz‘jb(l)(XiTB)- (8)
=1 =1

— X"y - X"b(X8) (7)

Solving (6) and (8) gives

S w bV IB) = 3wy bV (xIR) + 0y(n7Y). (9)
=1

i=1

As b (xT¢€) is continuous in &, the multivariate mean value theorem applies and so
there exists a ¢* € (i, B) such that b (x7'3) — b (x" ') = Vb (c*)" (B — ). Hence,
we have

B=fi+0,n™). (10)

From the standard asymptotic properties of maximum likelihood estimators, we have
B = By + O0,(n"Y/?) (Bishop et al. 1975, Theorem 14.4-1). Thus, we obtain

b= B+ O0,(n?).

0
4.2 Standard Error
Result 3. R
25 T.(8) "
Proof. The Fisher information matrix is given by:
@2
Z, =—E lo
(8) 305" gp(ylB)
= —E [-X"diag(b® (X8))X]
= XTdiag(b® (XB))X
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Now, by the multivariate mean value theorem and Result 2

S = [05°1 + X diag(B® (Xp, dg(XEXT)))X]

1
1

1 & -
O+ & D w0 )

=1, (B) + Op(n7).

Thus, R
Y5 Z.(8y) "

5 Invariance under Linear Transformation

Let B = Au+ b where A is an invertible p x p matrix and b = (by,...,b,) isap x 1
vector.

The transformation formula gives

p(y,u) o exp {yTXAu — 17p(XAu + Xb)}

1
exp {_F (W"ATAu+u"A"b + b"Au) } . (11)
B

Then, the lower bound for the marginal likelihood is given by

E, {log (p<y’ u)>] = log p(y; p, %) (12)

q(u)

We solve for the maximum likelihood estimators g and 3 to obtain:

1 ~
A'X" (y-v)— = (ATAp+A"b) =0 and (13)
g
B
~ —~ -1
S = A [XTWX + aﬁ—ﬂ AT (14)
where
v = BY(XAL 4+ Xb,dg(XAZATX")) and
W = diag(B® (XA + Xb, dg(XAZATX))).
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Result 4. The optimal values of p and 3 are invariant under the transformation.
Proof. Let € = Afi+ b and A = AXAT. Now,

1 1 ~_1
vV = |2 = |1/2 / b (XAU —+ Xb) exp { 5 (u [J/) by (u [,l,)} du

— g 1 XB) e {58 A5 ¢} ap
= B"(X§, dg(XAXT))
Then, substitution into (13) gives
X" (y — BV(X¢,dg(XAXT))) — 0% = 0.
Now, substitution into (14) gives

A = [X"diag(B® (X¢, dg(XAX")X + 05°1]

Hence, & and A satisfy first order optimality conditions. O]

6 Variational Information Criterion

6.1 Variational Bayesian Information Criterion (VBIC)

In this section we discuss the properties of the Bayesian information criterion in rela-
tion to Gaussian variational approximation.

We define the BIC as follows:
BIC = —210gp(y|,@) + plogn.
(Claeskens and Hjort 2010, 3.1)

In the variational approximation context, we approximate the BIC by the following
result, which we call the variational Bayesian information criterion (VBIC):

VBIC = —2log p(y) + 2E,[log p(8)].
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Result 5. The VBIC is first order equivalent in probablity to the BIC. That s,
BIC = VBIC + O,(1).

Proof.
BIC — VBIC = 2y"X (p — 8) — 17[2B(Xp, dg(XEX")) — 26(X3)]
+ plog(27m) + log |eX| + plogn
= —172B(Xp, dg(XBXT)) — 26(XB)] + plog(2r)
+p+log|E| + plogn + O,(n~") by (10)

Consider the term 17 [2B(Xp, dg(XEXXT)) — 2b(XB)]. Using the Taylor series expan-
sion we obtain

~ "1 1 9
17 [2B(Xp, dg(XEXT)) = 20(XB)] = 2D 50 (] g Bx; + 550 (o] ) [x] 2x]
i=1 ’

+ O,( [XZTEXZ} 3)

n

= |20 x| + Oy(n72). (15)
=1
Now,
S bl S = 3B e (i 3)
=1 i=1
e ()
=1
1 n 0_—2 1 n -1
= tr - Z x;x b2 (xF' ) %I + - Z x;x1 b2 (xF' )
=1 =1
1 1 -
=tr [ﬁ Z Xixin@) (X,irlj,) - Z xz-xin@) (XiTu) + Op(n—1>
=1 =1
= tr(L,) + Op(n_1>
=p+0,(n7h).
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Hence,

1T2B(Xp, dg(XEXT)) — (XB)] = p + Op(n ™). (16)
Now,
BIC — VBIC = plog(2r) + log |£| + plogn + O,(n™")
= plog(27) + plog(Op(n™")) + plogn + Op(n™")
= Op(1)
as required. O]

6.2 Variational Akaike Information Criterion (VAIC)

Following McGrory and Titterington (2007), we define the variational Akaike informa-
tion criterion (VAIC) as follows:

VAIC = —2logp(y|p) + 2P
where P = 2logp(y|p) — 2E4g) [log p(y|B)]. We have:
log p(ylp) =y Xp — 176(Xp) + 1 c(y)
Ey)logp(y|B)] = y' Xp — 1, B(Xp, dg(XEXT")) + 1, c(y)
Note that the AIC is given by:
AIC = ~2logp(y|B) +2p
where 3 = argnax p(y|3).
(Claeskens and Hjort 2010, 2.3)
Result 6. Let the AIC and VAIC be defined as above. Then VAIC 2 AIC.
Proof. Using similar expansions to (15) and by (9) and (10) we have

VAIC — AIC = 2y"X(8 — p) — 17(26(XB) — 2b(Xp)) + O,(n ")

_ -1
=0Op(n™")
O
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7 Kullback-Leibler Dominance

In this section, we prove that the Gaussian variational approximation of the marginal
likelihood p(y) always yields a tighter lower bound than a number of other variational
approximations.

7.1 Auxiliary Variables

Consider the auxiliary variable representation p(y, 3, a) where p(y, 8) = [ p(y, 3, a) da.
Now, using Jensen’s inequality we have

p(y,B,a) a
q(a) ]d

for all g(a). The Gaussian variational approximation gives:

p(y,B)
9c(B)

where g¢(0) is the optimal Gaussian density function. Hence

p(y. B, a) _
logp.(y) > / q(a)qa(B)log [m] dadf =logp,(y).

Thus, the method of Gaussian variational approximation always gives a better approx-
imation to logp(y) than that of auxiliary variable representation.

logp(y, B) > /q(a) log {

logp(y) > / qc(B) log[ ]dﬁ =logp,(¥)

7.2 Local Variational Approximation

In order to approximate p(y), the local variational method involves the bounding of
p(y|B) by a suitable funtion for which the integral [ p(y|3)p(8)dB can be computed.
We consider the local variational approximation for the logistic case, where

p(y|B) = exp {y"XB — 1] log[1] + exp(X3)]} .

We note the following representation of —log(1l + €”) as the maxima of a family of

parabolas:
T 2 1
—log(1+e”) =max{ A(&)z" — —x+C(§) p forallz e R
€€R 2
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where

A(§) = —tanh(£/2)/(4€)
and  C(€) = £/2 — log(1 + €°) + Etanh(£/2) /4.

(Jaakkola and Jordan 2000).

This leads to the lower bound:

p(y|B) > c(€)exp {B'F(€)B +£(€)" B} (17)
where
&= (&,...,&) is a vector of variational parameters;
F(¢) = X7 diag(A(£))X;
and f(&) = (y"X — 117X)" .

The following proof is adapted from Barber (2012, 28.5.2).

We have
2
P2 i [ e {— > } exp {B7F(€)8 1 £(6)"8) dB
_ ) s T
= g [ | -38"As 178} i
where A = JB’QI — 2F(&). Completing the square and integrating, we have

log ply) > logc(€) + 5£(€)TA7H(€) — Dlog(o?) — ; los|A| = B(&)

Now,

o21,¥) = [ ac()10g |22 ap

%‘(5)
> log (&) + By, [-18TAB +£(¢)78] — g log(210%) — By, [log ge(8)]
= log c(€) + Eyqlog (8)] — Eysllog a(8)] - 3 log(203) (18)

+ Llog 2n AT + LE(E)TATE(E)
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where ¢(8) = N (B|A7f(&,A™1). Now, E,.[log ga(8)] — Ey.[log ¢(3)] is the Kullback-
Leibler distance between ¢g and ¢. This is minimised when ¢¢(8) = ¢(3). Hence,
maximising (18) gives

log pg(y) > loge(€) + SF(E)TATH(E) — L log(03) — ; los|A| = B).

Thus, the method of Gaussian variational approximation always gives a better approx-
imation to log p(y) than that of local variational approximation.

8 Conclusion

Variational approximations have the potential to become an important tool in statisti-
cal inference, particularly in problems involving large datasets where the use of MCMC
becomes untenable. This project shows that for Bayesian generalised linear models,
the specific technique of Gaussian variational approximation yields estimators which
can be used for valid statistical inferences.
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