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Probability: basic concepts and definitions
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Discrete case

X ... a discrete random variable
P(X)... probability distribution function

1
P(X;) = lim E#{X = Xi}, P(X;)€l0,1]
with
#{X = X;}... number of outcomes with X = Xj.
Normalization condition

X, eQ

Q... set of all possible values of X
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Continuous case

X ... continuous random variable from X € [a, b]
x ... specific value of X

p(x) ... probability density function (pdf)

o) = lim #{X € [x,z + dx]}

n—o0, dr—0 ndx

Probability to find X in a narrow interval [z, + 0x]

Pr(X € [z,z + dz]) = p(z) ox.

Normalization condition
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cumulative distribution function (cdf): F(x)

This shows that

dx

Note that F(z) and p(x) are defined on the whole line x € (—oo, +00).

If =€ la,b
p(fL‘) =0, = ¢ [av b]

F(x) is monotonically increasing with

F(—00) =0, and F(4o00) =1
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Uniform distribution

X ~ uniformly distributed on [0, 1]

<
1, z€0,1] 0, =<0
pdf: p(z) = 0 z¢01] cdf: F(z) =< =, z€][0,]1]
’ ’ 1, x>1
15 15
= _ 1
g osi- X o051
o— 0
057 ‘-c‘xs‘ (‘) ‘o)‘.(s‘ ‘1 ‘1‘.5‘ 2 0% ‘-0‘.5‘ (‘) ‘o)‘.(s‘ ‘1 ‘1‘.5‘ 2
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Expected value (average or mean)

In theory for a discrete rv X
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Expected value in an experiment

In a random experiment with n tries

-l%

Unbiased estimator for the mean
X ... independent and identically distributed (iid) rvs with

Show that
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Variance and standard deviation

In theory for a discrete rv X

Var(X) = Y P(X,)(X; — E(X))?
X:e0
In theory for a continuous rv X
+00 +oo
Var(X) = [ (o= BOOPp()de = [ aola)do - (X))

Standard deviation ¢
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Var(X)
+oo
= [ - B0t do

—0o0

— / +o°[x2 + E(X)? — 20E(X)]p(z) dx
+oo

_ / " () da + B(X)? / T @) de — 2B(X) / 2 p() dz

— 00 —00 —0o0

= /+OO 2?p(z)dx + E(X)? - 2B(X)? = B(X?) — B(X)?

Relation between E(X) and E(X?):

(X?) > (X)?
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Expected value (average or mean)

For a uniform distribution

varx) = [(atae ooy =t ot L
A= T34 12
1
standard deviation = ¢ = y/Var(X) = v
1 1
E(sin(X)) = / sin(z) dx = —cos(:n)‘o =1-cos(1)
0
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Variance and standard deviation in an experiment

In a random experiment with n tries
1 < '
n-lZ(Xi_<X>)27 with <X>:7ZX1'

i=1 i=1

Let X; be iid with E(X;) = p and Var(X) = o2. Show that

Var(X) =

1
n—1

> (X — (X))?
i=1

is an unbiased estimator for o2.

For this, show that

(i S - o) o

=1
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Normal distribution

The normal rv X is a continuous rv with pdf

1 _(a-p)?

f(z) = e 27 | (—oo<zx<00)

V2mwo?
X ~ N(u,0?), E(X)=p, Var(X)=o?

Basic integrals to solve

—00 27’(’0’2
1% 2
T _(z—p)
/ e 202 d"]j = M
—o0 V2mo?
0 2 2
T _(z—p)
/ e 22 dr = 0’4 pu?
—o0 V2mo?
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Normal distribution

Graph of the pdf f(x) and the cdf F(x) for a normal rv X ~ N(1,1).

04

03

021

pdf: f{x)

011

Andrey Pototsky (Swinburne University) Stochastic Equations and Processes in Physic

AMSI 2017

14 / 41



/-score and standard normal distribution

X~ N(M,Uz)

then
X —p
g
follows the standard normal distribution, i.e. Z ~ N(0,1)

7 =

pdf(z) = f(2) = ! e 2, (—o00<z< o)

Ver

n
ol

cdf: F(z2)

F(z)= /Z pdf(2)dz = % (erf(z/\@) + 1)

—00

Error function erf(2) = 2//7 [ ¢=*" dz is tabulated
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Change of variables (continuous case): Given a pdf

for X, what is the pdf for Y = f(X) ?

p(x)... pdf of X on x € [a,b]
Y = f(X)... one-to-one function on [a, b]
p(y)... pdf of Y on y € [f(a), f(b)] to be found

| | X+AX
=a X =b
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Change of variables (continuous case)

Probability for Y to be in [y, y + Ay]

Pr(Y € [y,y + Ay]) = p(y) Ay
Probability for X to be in [z,z + Az]

Pr(X € [z,x + Az]) = p(z) Ax

These probabilities are identical

p(y) Ay = p(z) Az, = p(y) = p(x)—
1 1
ply) = P(l’)mzp(ﬂf)m

Using » = f~!(y), we find

1

_ -1
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Change of variables: example

Generate random numbers y > 0, with a given pdf p(y), using a uniformly
distributed random numbers z from z € [0, 1].
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Change of variables: solution

Looking for y = f(x) such that

= plz) = ! wi T) =
p(y) = )~ Fa) th p(z) =1

with f/'(z) = dy/dz, we find

p(y) dy = dx

Yy T
/p(y)dyz/ dr = x,
0 0

Recalling the definition of the cdf G(y) of y

integrating

G(y)—/y p(y)dy—/oyp(y)dy
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solution: continued

Transformation formulae

1

L X ismapped to y viathe inverse cdf
08 —
o
06— 4 -
= i
04 : —
02}~ i i
0’ \:/yo y ]

0

For exponential distribution: p(y) = aexp (—ay), y >0

Gly) = /0 Y wexp (—ay)dy = 1 — exp (—ay)

inverting the cdf
y=—a 'ln(l —z)
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Generating a Gaussian rv

cdf of Z ~ N(0,1)
G(z) =(1/2) <erf(z/\/§) + 1) =X, X uniform on [0,1]

Solving for 2
z=+2erf 12X — 1)

Inverse error function method

Computationally slow, as one needs to evaluate erf ~'(...)

v

Box-Muller algorithm

Let Uy and Us are independent and uniform on (0,1). Then

Z1 =+/—2InU;j cos (2nUs), and Zs = \/—2InUj sin (27U3)

are independent with standard normal distribution (Z1, Z3) ~ N(0, 1).
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Probability and events

mutually disjoint events A and B are such that

ANB =1,

where () denotes an empty set.
If A;, i=1,2,3,4,... are mutually disjoint, then

P(A1UA2UA3U...)IP(A1)+P(A2)+P(A3)+...

For any A and B, we have /
)[ ‘ B |
P(AUB) = P(A)+P(B)—P(ANB) \ @___‘ ;
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Probability and events

Conditional probability Pr(A|B) is defined for any two events A and B as
the probability of the event A given that the event B has certainly

occurred. Pr(AN B)
T
AR o)

Example: roll of a die

9 a)

A={1,2,3}), B=1{1,2,56}, P(A|B)= P(Jﬁ,{;:?é}) _ ZZ 05

o b)

P(0

A={1,2}, B=1{5,6,4,3}, P(A\B)zMzO
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Probability

Your neighbor has two children. You know that the name of one of them
is John. What is the probability that your neighbor has two boys?

Solution: construct a table with all possible outcomes

Event first child second child probability

(b,b)  boy boy 1/4
(b,g) boy girl 1/4
(g,b) girl boy 1/4
(g,9) girl girl 1/4

Denote A = (two boys) = P(b,b) and
B = (one is a boy) = P({(b,b), (b,9), (9,b)}).
Then AN B = A. Consequently

P(ANB) P(A) 1/4 1
PAIB) = =5y ~P(B) 3/ 3
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Independent events

Joint distribution

Any two events A and B are independent if the joint distribution can

be factorized
P(AnB)= P(A)P(B)

As a consequence

P(A|B) = P(]f(;)B) = P(ﬁzggm — P(A).
and
psiay ~ PO PWPB) o

P(A) P(A)
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Sum of two normal rv Y = X + X5

Let X3 ~ N(u1,03), Xo ~ N(uz,03) find Y ~ N(E(Y) =?, Var(Y) =?)

E(Y) = E(Xi+Xo)=E(X1)+ E(X2) =+ po

Var(Y) = B((X1+ X2)%) — (1 + p2)?
= B(X?4+ X3 +2X1Xo) — (i1 + p2)?
= B(X?) + E(X2) +2E(X1X5) — (1 + p2)?
= o7+ + 05+ ps+ 2up0 — (3 + p5 + 2pp0)
= oi+03

Only works if X; and X, are independent

E(X1X,) = E(X1)E(X,)
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Ideal gas of active particles

A particle moves with a constant absolute velocity V' in a direction that
changes randomly in time. For a gas of such active particles with a given
concentration pg, the distribution of the direction of motion is uniform.

@ Find the pressure in the gas

@ Determine the distribution of the relative velocity U = |u; — ug|

1D case:
Uy =V

Pr(u=-V)=1/2 Pr(u=V)=12
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Ideal gas of active particles: 1D

Number of hits dN per unit area in time dt
1
dN = §p0th

Pressure P

mAV

P IN — —mpoVZ o { 2 elastic

dt 2 1 inelastic

Distribution of the relative velocity U = |u; — u2|

1 1
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Ideal gas of active particles: 2D

Number of hits dN per unit area in time dt

v
dN = podt/ flug)ug dug, f(ug)...pdf of u,
0

Associated problem:

Find the distribution of the projection of the velocity onto any given
direction

Andrey Pototsky (Swinburne University) Stochastic Equations and Processes in Physic AMSI 2017



Ideal gas of active particles: 2D

Projection onto x axis
Uy = V cos ¢

Distribution of the angle ¢ is uniform on [0, 27]

pdi() = o

Changing variables: ¢ = u,

Note that the mapping u, = V cos ¢ is not one-to-onel
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Ideal gas of active particles: 2D

pdf of u,

f(ux)dux:—Q—d¢:>f(ux - ‘du /d¢‘

Using

dug
Uy = V cos ¢, %:—Vsind):—‘/\/l—cos%b

we obtain

flug) =

1 1
TVl —cos2¢ w/V2—u2

Number of hits per unit area in time dt

AN Vo ugduy 1%

=m0 | e = po—
dt 0 m/VZ—u2 ™
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Ideal gas of active particles: 2D

Pressure

\4 2 2
2m mV V
P =pg dug Uz Po Pv

0 V2 —u2 2 2
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Ideal gas of active particles: 2D

Relative velocity
U = \ul — U2

Associated problem:

Distribution of the distance between two random points on a circle
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Ideal gas of active particles: 2D

Distribution of ¥ = ¢y — ¢

Because ¢ and ¢, are independent, we can fix one angle at an arbitrary
value, e.g. ¢1-fixed, and look at the distribution of ¢s.

@ Because ¢; and ¢y are uniform on [0, 27]

o U = ¢pg — ¢y is also uniform on [0, 27]
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Ideal gas of active particles: 2D

Cdf(A) = PI‘(O <V = ¢2 - (251 < A)
27
_ /0 déy Pr(es € [b1, 61 + Allér) x pdf(r)

21
_ /0 dépy Pr(¢s € [61, 61 + A]) x pdf(ghy)

27
_ /0 dy [edf(¢1 + A) — cdf(¢1)] x pdf(¢r)

— /27Td¢ ¢]‘+A_ﬁ Xi—é
—Jo ! 2m 27 2r 27

V is uniform on [0, 27|

cdf(W) = 23 — pdf(T) = 2i
™ T
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Ideal gas of active particles: 2D

periodicity of angles

¢2 — @1 is uniform only for periodic boundary conditions.

Convolution of probability distributions

If z and y are not periodic and independent on [0, a], then z =z — y and
s = x + y are distributed according to:

)

f(z) = /Oa pdf(z)pdf(z + z) dx

f(s) = /Oa pdf(z)pdf(s — z) dx
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Sum of independent random variables

Sum (difference) of two uniform rvs (z,y € [0, 1])
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Sum of two normal rvs

Using the convolution formulae, show that the sum of two independent
normal variables X1 ~ N(u1,0%) and Xy ~ N(ug,03) is normally
distributed with E(X; + X3) = u1 + po and Var(X; + X3) = 07 + 03.
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Ideal gas of active particles: 2D

Distribution of U = 2V sin (¥ /2), with ¥ uniform on [0, 27].

U = 2V sin (¥/2) is not a one-to-one function on [0, 27]

1
~~
AN
S~~~ -
\3_-/ ”””””””””” TN e
= 0.5 | $AU
m e f 3 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
= i 3
(q\] i i !
Il r | ! 3
) AV AW
i i \ \ \ | \ \
00 1 2 3 4 5 6
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Ideal gas of active particles: 2D

pdf(U)AU = Q%A\I/ = pdf(U) = i’dU}d\P
1 1 1
pdi(l) = ™V cos (¥/2) T AV - s (¥/2)
pdf(U) = 7r(2V2)2—U2
Average relative velocity
Vo 2UdU 4V

) = =

o m/RVE_U2 7
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Exercises

@ Determine the pressure in the ideal gas of active particles in 3D
@ Determine the relative velocity of the active particles in 3D

@ Derive the equation of state of an ideal gas, with the Maxwell
distribution of the velocities

m \3/2 mu?
pv) = (27rsz> P <_ 2kT>

Andrey Pototsky (Swinburne University) Stochastic Equations and Processes in Physic AMSI 2017 41 / 41



