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Ito and Stratonovich calculus, the Fokker-Planck
equation
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Integration of stochastic equations

Kiyosi It6 (1915-2008) Japanese mathematician

| .

Andrey Pototsky (Swinburne University) Stochastic Equations and Processes in physict AMSI 2017 3/45



Integration of stochastic equations

Ruslan Leont’evich Stratonovich (1930-1997) Russian
mathematician
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Multiplicative noise

General stochastic equation

#(t) = f(x(t)) + g(z(t)E(), £(t)...white noise

Formal solution

T T
o1) = alto)+ [ ddt= [ (o)t + gla)e(0d

to to

T
_ / £ (2(t))dt + g(a(t))dw(?)

to
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Stochastic itegration

For a Wiener process z(t) consider the integral

T
/ x(t)dx(t)
0

Mean-square limit sense

A sequence of random variables X,,(w) converges to X (w) in the sense of
the mean-square limit, if

lim [ dwp(w)[X,(w) — X(w)]>=0

n—oo
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Ito interpretation

Riemann sum
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Stratonovich interpretation

Riemann sum

S = <hm ' Z 7(w(ti)+w(ti+1))[x(ti+1)_m(ti)Dmean—square
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Integration of Ito sde

Consider a general Ito stochastic equation

(I) de = f(x)dt + g(x)dw(t), (w(t)... Wiener process)

Forward Euler’'s method

According to the definition of the Ito interpretation, the process x; = x(t;)
is generated by the forward Euler's method:
Aw; = VAtN(0,1)
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Integration of Stratonovich sde

Consider a Stratonovich stochastic equation
(S) dz = g(x)dw(t), (w(t)... Wiener process)

For simplicity we set f(z) =0
According to the definition of the Stratonovich interpretation

Ti+1 +
Tip1 = Ii+g<z+12 7J>Awi,

Awi = N(O, 1) vV AL.

Implicit scheme
Note that this scheme is implicit, as one needs to solve for z;;
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Integration of Stratonovich sde

Note that
Tig1 +% | Tig1 — T

= —_—m
2 ! 2
Taylor expansion, assuming small Az =z, — x;

Ax
Tiy1 = x; + [g(a:z) + g (z;)— ] Aw;

Solving for x;1

. , . 71
Tiy1 = |Ti + g(zi) Aw; — g/(xi)%Awi] (1 -4 (xl)sz)
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Integration of Stratonovich sde

To the order of At and Aw; ~ VAt

Tiy1 = [$7, + g(x;) Aw; — g’(%)%ﬁwz} (1 + g/(;i) Awi)
= [azz + g(xi)Awi + ;g(azi)g'(xi)(Awi)Q} + O(dt Awi).
Because ((Aw;)?) = At

1
Tit1 =z + g(x;) Aw; + ig(xi)g’(xi)At
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Equivalence of Ito and Stratonovich sde

Spurious drift term

Stratonovich sde
(S) dz = f(z)dt + g(z)dw(t)

is equivalent to an Ito sde

(1) dr = ()t + So(a)drgw)dt + g(a)du(s)
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Change of variables: the Ito formula

Consider a general lto stochastic equation

(I) de = f(x)dt + g(x)dw(t), (w(t)... Wiener process)

Forward Euler’s method

Tivl1 = T;+ Atf(l‘l) + g(a:i)Awi, (l =0,1,2,3,.. )
Aw; = VAtN(0,1)

What is the corresponding equation for F'(z(t)) ?

Andrey Pototsky (Swinburne University) Stochastic Equations and Processes in physict

AMSI 2017 14 / 45



Change of variables: the Ito formula

Differentiation chain rule (works in Ito interpretation only!)
dFfz(t)] = Fle(t) + de(t)] - Flz(?)]
()] dz(t) + F”[w(t)]dx(t)2 +
= Fla@){f( )dt+g(x)dw(t)}
+ F"[w( S (@)dt + g(a)dw(t)}*.

= Fla

To the order of dw(t) ~ \/dt and dt

aF()] = { ISP+ 30"l bdt + @) Floldue).
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Change of variables in Stratonovich interpretation

Stratonovich sde

(S) dx = f(z)dt + g(x)dw(t)

Chain rule for depterministic functions

(S) dF (z(t)) = F'(z(t))dz = F'(z(t))(f (x)dt + g(z)dw)
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Heun’'s method for Stratonovich sde

Show that a Stratonovich sde
(S) dw = f(z)dt + g(z)dw(t)
can be integrated using Heun's method:
yi = i+ f(x)At + g(z;) Aw;,
S (@) + F(i)) A+ 5 (g(w:) + gl) A,
Aw; = N(0,1)VAt

Tyl = T+
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Connection between the Fokker-Planck equation

and a stochastic sde

For an lto sde
(1) dz = f(z) + g(z)dw

Using Ito’s change of variables formulae
(dF(x(1)))
= (F O] (@)t + g(a) ()} + 5 e(0)] () + g(2)duw(®)F)

Using
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Connection between the Fokker-Planck equation

and a stochastic sde

In terms of the distribution function p(z, t|zo, to)

[@F@(®) _ dF((t), _ d
T () = (e (t)

_ /dwF(x)atp _ /dg; [f(x)@wF + ;g(m)zaiF] P

Integration by parts

[asr@on = [ dsr) |-o@n + yo2r).
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Connection between the Fokker-Planck equation
and a stochastic sde

The Fokker-Planck equation for the distribution p(z, t|xg, )

J(x) = f(2)p— 50:(g9(x)°p)

J(x) ... the probability current
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The Fokker-Planck equation for a Stratonovich sde

For a Stratonovich sde
(S) dx = f(z)dt + g(x)dw

The Fokker-Planck equation

O+ 0, | F@-+ ale)d 0~ 30u{alaPn)]| = 0

op + O [f (z)p — %g(w)é’m(g(ff)p)] =0
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Fokker-Planck equation for a system of coupled SDEs

Set of n coupled equations
n
T; = fi(xl,xg, - ,xn) + Zgij(xl, xo,. .. ,xn)fj(t), (Z = 1, 2, - ,n),
j=1

where £ (t) represent sources of uncorrelated white Gaussian noise.
In Stratonovich interpretation

1
O = —0i(fip) + 5& (9imOkgkmp) -

(sum over repeated indices)
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Diffusion coefficient of a classical Brownian particle

One-dimensional motion of a particle m in a gas

. _ P
€T — -
m

Parameters ... damping coefficient
D ... characteristic strength of fluctuations
The Fokker-Planck equation

Oip(x,p,t) = —0y (%p> + Oplapp + Dopp)
Op(x,p,t) + Opdy+0pJp =0

Probability current J = (J,, J,)

AMSI 2017
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Diffusion coefficient of a classical Brownian particle

Stationary distribution

Op = 0= Jp,=0, o= f(p)

2
Ps = \|3xp P _2D>’

Spatially homogeneous distribution

Note that ps(p) does not depend on x. Distribution density can only be
normalized on a finite interval X:

/de/_Zps(p) dp = 1.

In what follows we set X = 1.
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Diffusion coefficient of a classical Brownian particle

Maxwell’s velocity distribution at temperature T’

m m’U2
Ps(W) =\ 57 P~ 07

Einstein’s condition
D = amkT.
Albert Einstein (1879-1955)
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Diffusion coefficient of a classical Brownian particle

Diffusion coefficient in 1D

D i (@0 =20 L (a(0)) — 20(0)(a(®) + 2(0)*
t—ro0 2t t—r00 2t

We need to derive and solve the equations for time-dependent
moments

(a(t)) and (z(t)?)
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Diffusion coefficient of a classical Brownian particle

Taking the ensemble average of the Langevin equation

Op(a(t)) = (&) =—
a(p(t)) = (p) = —alp) + V2D((1)) = —a(p)

Note that
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Diffusion coefficient of a classical Brownian particle

Ensemble average (z(t)?)

Ensemble average (z(t)p(t))

i(x)p(t)) = (z@)p(t)) + (2()p(t))
= (z()[=ap(t) + V2DE(D)]) + ([p(t)/mlp(1))
= —afz(®)p(®)) + (p(t)*)/m

Note that (z(¢)¢(t)) =0
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Diffusion coefficient of a classical Brownian particle

Ensemble average (p(t)?)

a(p(t)?) = 2p(t)p(t)
= 2([—ap(t)* + V2Dp(t)&(1)])

Momentum and noise are correlated

(p)E@)) # 0
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Diffusion coefficient of a classical Brownian particle

Marginal distribution of the momentum II = [ p(z,p, t|xo, po, to) dx
T = — /X A (00 + Oy T] = O (apll + DO, IT)
Ensemble average (p(t)?)
o) = [ romip.tydp= [ dpp?dy(apil+ DI

= —/dp2ap2H—2D/dpp8pH

— ~2a(p(t) +2D [ dpll = ~2a(p(t)?) + 2D
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Diffusion coefficient of a classical Brownian particle

Correlation between momentum and noise

Andrey Pototsky (Swinburne University) Stochastic Equations and Processes in physict AMSI 2017 31/ 45



Diffusion coefficient of a classical Brownian particle

Solution with initial conditions x(t = ty) = zo and p(t = tg) = po

(p(t)) = poeia(tfto)
D
<p(t)2> = (1 — 6720‘(’540)) +p36720‘(t*t0)
= Ppo _ ,—a(t—to)
(@) = xo+—- (1 e )
= L Lg A —2a(t—to)
@Op(t) = —- <am a2m> .

«
2D 2
+ ((xp) — = + Do )ea(tto)
a“m am

<3§‘(t)2> — W + Cle—a(t—to) + CZe—QQ(t—tO)‘
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Diffusion coefficient of a classical Brownian particle

In the limit t —

Particle mobility and Einstein’s relation

Mobility of a particle
_velocity 1
F= Tforce (am)
D kT
Dy = = — = ukT
(am)?  am

Andrey Pototsky (Swinburne University) Stochastic Equations and Processes in physict AMSI 2017 33 /45



Overdamped motion

Brownian particle in the limit of large friction

& = p x force + noise = —pud;U(x) + V2AL(L)

U(z) ... potential energy
woo... mobility

Fokker-Planck equation
0p + Oy [— U (x)p — Adyp] = 0

Stationary zero current solution

ps(z) = Cexp (W) C = (/de exp <—Nifl(~’”)>>1
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Overdamped motion

Equilibrium Boltzmann distribution

ps ~ €xp (-gg«))

This implies

A = pkT
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Special case: the barometric formula

Overdamped particle in the gravity field

—mgz
U(x) =mgz, = ps(z) ~ exp ( kTg >

Pressure P of an ideal gas

M ... Molar weight
R ... gas constant

p ... density
Barometric formulae
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Bipolar molecule in external electric field

Coordinates of the two heads of the dimer x and y

i = pl-alz—y)+ QE] + 2ukTE(1),
Yy = pl-aly—z) — QE]+ /2ukTEy(t)

Q... electric charge

E ... electric field

... mobility of a single head

... spring constant (Hooke's law U = a(z — 4)?/2)

&(t), &(t)... independent sources of white Gaussian noise

AMSI 2017
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Bipolar molecule in external electric field

Transformation to new variables

U= % ... center of mass coordinate
V=x—y... (£) the diameter of the dimer
Langevin equations for U and V

0 = o,
Vo= —2uaV +2uQE + \/2ukT (&(t) — &y(1))
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Bipolar molecule in external electric field

Sum of two Gaussian white noise terms

Linear combination of two independent Gaussian white noise terms is also
a Gaussian white noise with modified variance

£(t) +&(H) = n(?)

with
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Bipolar molecule in external electric field

Langevin equations for U and V

U = VukTéy(t),

V o= —2uaV 4+ 2uQE + \/4ukTEy (1),

with two independent Wiener processes

dwy = &y (t)dt, dwy = &y (t)dt

Relation to Ornstein-Uhlenbeck process

Equation for V is reduced to the Ornstein-Uhlenbeck process by the
change of variables
QF

oy E

(0%
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Bipolar molecule in external electric field

Dimer diffusion coefficient

EETRY.
D— Im (U-Uo)") _ pkT
U—oo 2t 2

Show that the diffusion coefficient of a centre of mass of IV overdamped
identical particles is
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Bipolar molecule in external electric field

Langevin equation for V

V = —2uaV + V/AukTey (t)

Recall the stationary zero current solution for the
Orstein-Uhlenbeck process

. p —aV?
rs(V) = gt exp( 2T )
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Bipolar molecule in external electric field

Average dipole moment

Q°E
(0%

QV) =

Average size (diameter) of the dimer

5 = —(V))?) =/(V?)

aV?
_ 2
- \/ 27rkT / vy eXp( 2%T )
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Active Brownian particle

y

Motion in 2D

T = wocosa+ \2ukTE,(t),
y = vosina+ /2ukTE (),
a = 2D1‘7](t)
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Active Brownian particle

Motion in 3D

r=uw(z)p+&(1), p = n(t)xp,
with three-dimensional rotational noise
n(t) = (n=(t), 1y (), m2(1))-
Fokker-Planck equation in the Stratonovich interpretation
dp = DR?p,

with
R =p x Vy = (pz, py, pz) X (Op,,0p,, Op.)

(M. Enculescu and H. Stark, Active Colloidal Suspensions Exhibit Polar Order
under Gravity, Phys. Rev. Lett. 107, 058301 (2011))
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