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1. Course abstract

The structure constants of a Lie algebra or Kac–Moody algebra g are the constants that occur
in the evaluation of the Lie bracket in terms of a choice of basis for the Lie algebra. In the known
methods for computing them, structure constants are determined only up to a sign due to the
existence of a canonical central extension of the root lattice of the Lie algebra by a cyclic group
of order two. Determining a consistent system of signs of structure constants is a persistent
problem in computational Lie theory, computational number theory and their applications.

For pairs of (real) roots α, β whose sum is a (real) root, the structure constant nα,β given
by [xα, xβ] = nα,βxα+β can be determined in the rank 2 root subsystem generated by α and
β. We give simple formulas for computing structure constants in all the possible rank 2 root
subsystems that can occur. This gives a consistent system of signs over all root spaces for pairs
of (real) roots whose sums are (real) roots and requires a classification of the root strings in the
Lie algebra as well as a basis for which the structure constants are integral.

With this data, we can also construct algebraic groups as Chevalley groups using automor-
phisms of the Lie algebra and some additional external data such as a Z–form of the universal
enveloping algebra.

The basic structure theory of Lie algebras and Chevalley groups will be covered as needed.
Some familiarity with finite dimensional Lie algebras is preferable though not required.
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[St] Steinberg, R. Lectures on Chevalley groups, Notes prepared by John Faulkner and Robert Wilson, Yale

University, (1967)
[HC] Harish-Chandra On some applications of the universal enveloping algebra of a semisimple Lie algebra,

Trans. Amer. Math. Soc. 70, (1951), 28–96
[Hu] Humphreys, J. E. Introduction to Lie algebras and representation theory. Second printing, revised. Grad-

uate Texts in Mathematics, 9. Springer-Verlag, New York-Berlin, (1978). xii+171 pp
[Ko] Kostant, B., Groups over Z, 1966 Algebraic Groups and Discontinuous Subgroups (Proc. Sympos. Pure

Math., Boulder, Colo., (1965)) pp. 90–98 Amer. Math. Soc., Providence, R.I.

Date: February 11, 2017.

1


