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TOPICS

(1) Overview and introductory comments

(2) Lie algebras: finite and infinite dimensional

(3) Weights, representations and universal enveloping algebra

(4) (Kac-Moody) Chevalley groups

(5) Generators and relations and (Kac-Moody) Groups over Z

(6) Structure constants for Kac-Moody algebras and Chevalley

groups

Today we will use a class of representations of (Kac—Moody) Lie algebras to
construct groups known as (Kac—=Moody) Chevalley groups.

We will construct two forms of (Kac—Moody) Chevalley groups: the adjoint
form using the adjoint representation and a simply connected form using a
more general representation known as a highest weight module.
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LAST TIME

Let A = (a;j); jc; be a symmetrizable generalized Cartan matrix:
ajj €7, i,j el,

a; =2, i€ I,

ajj < Oifi;éj,and

aijzo <~ El]'iZO.

Let b be a finite dimensional vector space (Cartan subalgebra).

Let (-,-) : b* — b denote the natural nondegenerate bilinear pairing
between h and its dual.

Let IT and IIV be a choice of simple roots and simple coroots
OI={a1,...,a} CH*, IV ={ay,...,a)} Ch
such that IT and II" are linearly independent and such that
(o 0ff) = aj(ey’) = aj.
We associate a Lie algebra g = g(A) over C, with generators

b, (eier, (fi)ier-



LIE ALGEBRAS: GENERATORS AND DEFINING
RELATIONS

The Lie algebra g = g(A) over C generated by

h'/ (€f>i€17 (fi)iE[-
is subject to defining relations ([Hu], Ch IV, [K], Ch 9, [M]):

[h,h] =0,

[h,ei] = {a;, h)e;, h €,
[hvfl] <aza >fli hew,
lei. fi] = o,

lei f]] =0,i#],

(ad ¢) =7+ (e ¢) =0,i#],
(ad fi)~ ””“(f)—o i # j, where (ad(x))(y) = [x, y].

The algebra g = g(A) is infinite dimensional if A is not positive
definite and is called a Kac—Moody algebra.
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LIE ALGEBRAS: GENERAL CONSTRUCTION

The algebra g decomposes into a direct sum of root spaces
g=n_®bh D ny
under the simultaneous adjoint action of b, where

ny = @(zEA+ o, M- = @(XEA, Yo
The roots A := Ay LUA_ C bh* are the eigenvalues, and the root
spaces

Ja = {x €g] [h’x} :a(h>x7 he h}
are the corresponding eigenspaces, satisfying dim(g,) < oc.
If g = g(A) is finite dimensional, then dim(g,,) = 1 for each root a.
For each simple root «;, i € I, we define the simple root reflection
w,-(a]-) =aj — aj(aiv)a,- =qj — aijai.
The w; generate a subgroup
W =W(A) C Aut(h”),
called the Weyl group of A.



ROOT LATTICE AND WEIGHT LATTICE

The roots A of g lie on a lattice in h* called the root lattice, denoted Q.
We have Q = Zay & - - - & Zay.

The weight lattice P in b* is:
P={xeb" | (\o))eZ,i=1,.. 0} =Zuw1 & - D Zuwy.

The dominant integral weights are
Po={heb" | (\ao)€lLsy, i=1,...0}.

Since (a;, af) = a;j € Z,i,j =1,...4, we have a; € P so roots are
weights and thus Q < P.

The index of the root lattice Q as a subgroup of the weight lattice P is
finite and is given by |det(A)| where the generalized Cartan matrix A.

For example, the fundamental weight of s, is
w=A"la= 1(,%
- 2

where A = (2).



(3) WEIGHTS, REPRESENTATIONS AND UNIVERSAL
ENVELOPING ALGEBRA

Let g be a Lie algebra or Kac-Moody algebra.

Some of the weights w € P are related to the representations of g.
Let V be a g-module with defining representation p : g — End(V).
The weight space of V with weight 1 € Pis

Vy={veV|x-v=p(x)vforall x € h}.
The set of weights of the representation V is
wts(V) ={peP|V,#0}.

If 11, p2, - - . , pn are weights of a representation V, then the lattice Ly
generated by these weights is

Ly =72 @ Zpp & - & Ly = {31 aipi | ai € Z>o}
which is a subgroup of P.



INTEGRABLE REPRESENTATIONS

A g-module V is called integrable if it is diagonalizable, that is, V can
be written as a direct sum of its weight spaces:

vz@w

Aewts(V)
and if the e; and f; act locally nilpotently on V. That is, for eachv € V,

i oy N oy
e -v=f"-v=0

for alli € I and for some n; > 0.

If g is finite dimensional, then every finite dimensional representation
V of g is integrable.

The adjoint representation of a Lie algebra or Kac-Moody algebra g

ad : g — gl(g)
X+ adx

is integrable.



(KAC-MOODY) CHEVALLEY GROUPS OF ADJOINT
TYPE

Let g be a simple Lie algebra or Kac-Moody algebra with generators
e;and f;, i € I. Let A be the root system of g. Let

ad : g — gl(g)
X adx

be the adjoint representation. Then

(ad x)(y) = [x,y].
Leta € A. Lets,t € C and set
exp(s-ad(e;)) = I+s-ad(e;) + 5 - (ad(er)? + . ..
exp(t-ad(f)) =1+t-ad(f;) + % (ad(f))? + ...

Since ad(g) is locally nilpotent, these are well defined elements of
GL(g).



(KAC-MOODY) CHEVALLEY GROUPS OF ADJOINT
TYPE

The (Kac-Moody) Chevalley group of adjoint type is defined as
Gaa = (exp(s - ad(e;)),exp(t-ad(f;)) |i€ ,a € A, s,t € C) < GL(g).

The adjoint representation ad : g — gl(g) gives rise to a
representation
Ad : G,g — GL(g)

such that
exp(ad(x)) = Ad(exp(x))

for all x € g. It is routine to verify that forallg € G, x € g,

-1

exp(Ad g)(x)) = gexp(x) g



ADJOINT CHEVALLEY GROUP OF sl,

For g = sl,(C), the matrices for ad : g — gl(g) acting on the basis

{e,f,h} for sl,(C) are
0 -2 0 0 2 0 O

ade=(0 0 1],adf=|-1 ,adh=10 0 0 ].
0 0 0 0 00 -2

(s-ade)®* = (t-adf)® =0

N O O
o O O

Now lets,t € C. Then

SO

1 -25 —¢°
exp(s-ade) =Id+s-ade+ (s-ade)* = |0 1 s |,
0 1

1 0 0
exp(t-adf) =Id+t-adf + (t-adf)>= | —t 1 O) .
2 2t 1
The adjoint group G,; generated by exp(s - ad e) and exp(t - ad f) is
isomorphic to (a 3-dimensional representation of) PSL,(C).



HIGHEST WEIGHT MODULES
Let U(g) be the universal enveloping algebra of g. A g-module V is
called a highest weight module with highest weight A € h* if there exists
0 # vy € V called a highest weight vector such that

nt .oy =0,
h- U\ = /\(h)U,\
for h € h and
V =U(g)(x).
Since n, annihilates vy and b acts as scalar multiplication on vy, we
have
V=Un) (o).

If VX is a highest weight module with highest weight ), then all
weights of V* have the form

n
A — E a;o;
i=1

where «; are the simple roots and a; € Z>.



EXISTENCE OF HIGHEST WEIGHT MODULES

Let g be a Lie algebra or Kac-Moody algebra. Then for all A € h*, g
has a highest weight module V with highest weight A ([MP], Prop
2.3.1).

The highest weight vector 0 # v, € V is unique up to nonzero scalar
multiples kv, and the weight A of v, is unique.

We have

V= V. dim(V,) <oo, Vy=Co,.
pewts(V)

Among all modules with highest weight A € h*, there is a unique one
that is irreducible as a g—-module, that is, has no proper g-submodules
except the trivial one ([K], Prop 9.3). We will often denote this by V.
The module V* is integrable if and only if A € P, thatis, Ais a
dominant integral weight ([K], Lemma 10.1).



SUMMARY: HIGHEST WEIGHT MODULES

Let A € h* be a dominant integral weight. That is
ANePr={\eb" | (\o)) €Zs, i=1,...0}.

Then there is a unique irreducible highest weight g—-module

%

Since ) is dominant, V* is integrable.

For Kac-Moody algebras g, the adjoint representation is
integrable but is not a highest weight module.

For simple Kac—-Moody algebras g, all g-modules {0} # V are
faithful, since K = ker(g — End(V)) is an ideal, hence K = {0}.



FAITHFUL g-MODULES V*

The following lemma holds for both Lie algebras and Kac-Moody
algebras g.

Lemma. If V* is a faithful highest weight g—module with highest weight A,
then the lattice generated by the weights of V> contains the root lattice
Q=Za1&...Z& qy.

Proof: Since V* is faithful, no ¢; or f; acts trivially on V*. So there exists
p € wts(V*) such that e; or f; does not act trivially on V;;. We have

LA A
e V'u — V“_,'_wi

fi: Vo=V,

p—a

SO i+ aj, i — a; € wts(V*), and thus o; € wts(V?). Tt follows that the
lattice generated by the weights of V* contains the root lattice. [J



UNIVERSAL ENVELOPING ALGEBRA Uc(g)

Let T(g) denote the tensor algebra of g:

Tg)=Cog® (gRg) © (gRgRg) O -

We may view elements of T(g) as formal noncommutative products,
or ‘power series’ with g as the single variable. We define

where [ is the two-sided ideal generated by elements of the form
a@b—-bwa—lab] € go(g@g) CT(g)

Then U (g) is an associative algebra containing all possible
polynomials in the e;, f; and & € b as well as all their products, subject
to the natural relations in g.



Z~FORM OF Uc(g)

Let Uc = Uc(g) be the universal enveloping algebra of g. Choose a
lattice A between Q and P, thatis Q < A < P, such that there are
maps i — a; and i — o’ from I to A and its Z-dual AY where

aij = (0,00 ), a5 € A and A is the generalized Cartan matrix of g.

Uz C Uc be the Z-subalgebra generated by the elements

o <h> _h(i=1). (h—m+1)

m!” m!’ \m m!

foriclLhe AVandm >0,
U, be the Z-subalgebra generated by ei forielIandm >0,
fm

U, be the Z—subalgebra generated by foricIand m >0,

UY C Uc(h) be the Z-subalgebra generated by <:1> ,forh e AV and
m > 0.



A 7Z—FORM OF V*

Let K be a field. Let V* be the unique integrable highest weight
g—module corresponding to the dominant integral weight .
We have

Z/f% O\ = hij A

since all elements of U, except for 1 annihilate v,. Also
Mg cO)\ = Zo A

Uy acts as scalar multiplication on vy by a Z-valued scalar. Thus we
have

Uy - vy = Z/[i . (Zv,\) = Ui . (U)\).

We set
V%‘ = UZ-U)\ = Z/{i(m)

Then V3 is a lattice in Vg = K ®z V3 and a Uz-module.



SIMPLY CONNECTED CHEVALLEY GROUPS: OVERVIEW

Chevalley constructed a Z-form U7, of the universal enveloping
algebra U{ of a complex simple Lie algebra g. This is a subring Uz, of
Uc such that the canonical map

Uy, @ C — Uc
is bijective. He then defined a Z-form of g:
g9z = gc NUz.
For K an arbitrary field, we set
Ug =Uy @K
g = gz ® K.

Let V* be the irreducible highest weight module corresponding to a
dominant integral weight A.

A simply connected Chevalley group Gk is generated by elements of
Aut(V3), where Vi = K @7 V3 for a Z-form V3.

We will extend this construction to infinite dimensions.



(4) (KAC-MoODY) CHEVALLEY GROUPS

Theorem([CL]) Let g be a symmetrizable Lie algebra or Kac—Moody
algebra over C. Let K be an arbitrary field. Let «;, i € 1, be the simple roots
and e;, f; the generators of g. Let V3 be a K—form of an integrable highest
weight module V* for g, corresponding to dominant integral weight \ and
defining representation p : g — End(V3). Fors,t € K, let

Xoi (s) = exp(p(sei)), X—a;(t) = exp(p(tfi)).

Then R
G (K) = (Xa,(8): X—a/(t) | 5, € K) < Aut(Vg)
is a simply connected (Kac—Moody) Chevalley group corresponding to g.

This construction is a natural generalization of the theory of
elementary Chevalley groups over fields and can be extended to
commutative rings (as in [Ch], [St]).

A similar construction for GV was used in [CG] to construct
Kac-Moody groups over finite fields.



SIMPLY CONNECTED CHEVALLEY GROUP
CORRESPONDING TO sl

We have
1
root lattice Q = Zo and weight lattice P = Zw = iZa,

where « is the simple root. Thus P/Q = Z/2Z, hence the simply
connected group is not isomorphic to the adjoint group.

Choose A = w, where w is the fundamental weight and let V be the
corresponding integrable highest weight module.

Let p: g — End(V*) be the defining representation of V¥. Let v be a
highest weight vector and let V¥ be the orbit of v under U/,

Ve = Uz -v*° = Uy, -v*

where .
(p(r];)) “ 0y € wanom n 2 0
where V¥_,  is the weight space of V* of weight w — nav.



SIMPLY CONNECTED CHEVALLEY GROUP
CORRESPONDING TO sl

Let K be an arbitrary field. The simply connected group
G""(K) < End(V*) is the group SL,(K). That is,
G (K) = (Xa(s): Xx—a(t) | 5.t € K)
= (exp(sp(e)), exp(tp(f)) | s,t € K)
1 s

1 0
L () psren

= SLy(K).

For a K-form gk = gz ® K of gc, the adjoint group is

G""(K) = PSL,(K).



SUMMARY: SIMPLY CONNECTED (KAC-MOODY)
CHEVALLEY GROUP

To construct a (Kac-Moody) Chevalley group, we will use the
following data associated to a simple Lie algebra or Kac-Moody
algebra g:

(i) a lattice A with Q < A < P, such that there are maps i — o and
i~ o from I to A and its Z-dual A where a;; = (o, '), a;; € A.

(ii) adominant integral weight A € P and unique irreducible
highest weight module V?*,

(iif) Uz(g), a Z-form of Uc(g), that is, the Z-subalgebra generated by

11 m

- ’—,zel <h>,heAV,m20,
m! m

(iv) V3 = Uz(g) - vy, a Z-form of V?,
(v) Vi =K®z V3, for K an arbitrary field.



DEPENDENCE ON CHOICES
Our group constructions depend on
— A choice of lattice Q < A < P between the root lattice Q and weight
lattice P,
— A dominant integral weight A, and an integrable highest weight
module V*,
— A Z-form V3.
The lattice A can be realized as the lattice of weights of a suitable
representation V.

Conversely, the additive group generated by all the weights of a
faithful representation V of g forms a lattice A = Ly between Q and P
([St], Lemma 27).

The simply connected group has desirable properties when we
choose a highest weight module whose set of weights contains all the
fundamental weights. For example:

— Ly = Qif V is the adjoint representation, and

— Ly = Pif V = V1t e the highest weight module corresponding
to the sum of the fundamental weights.



DEPENDENCE ON CHOICES: PARTIAL RESULTS

Finite dimensional Chevalley groups are independent of the choice of
V> for A € Qor A € P and of the Z-form V3 ([Hu], Ch 27).

Garland gave a representation theoretic construction of affine
Kac-Moody groups as central extensions of loop groups, where each
central extension corresponds to a unique cohomology class
represented by a cocycle, known as the Steinberg cocycle.

He characterized the dependence on the choice of highest weight
module V* for affine groups in terms of the Steinberg cocycle ([Gal]).
For general Kac—-Moody groups, the dependence on the choice of V*
is not completely understood.

In [CW], the authors gave some preliminary results about the
dependence of Gy (Z) on A when g is simply laced and hyperbolic.

For example, we conjectured that the discrepancy between the

groups E}’OA (Z), as A varies over the dominant integral weights, is
contained in a finite abelian group of order at most (Z/27Z)".



SOME APPLICATIONS

Here are some choices of modules V for Ey, Ejp and E;; that have
physical relevance for the study of symmetries of supergravity and
superstring theory.

Algebra Highest weight module
V=V
e9(C) V integrable with high. wt. vector v*

corresp. to fund. weight w;
V = Ywit - two

¢10(C) V integrable with high. wt. vector
Wit twio

V = ywn

¢11(C) | Vintegrable with high. wt. vector v*"
corresp. to fund. weight wi;

These choices give rise to group constructions which are useful in
physical models. For example our generating set for E1; was used in
[GW].



	

