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TOPICS

1) Overview and introductory comments
2) Lie algebras: finite and infinite dimensional

(
(
(3) Weights, representations and universal enveloping algebra
(4) (Kac-Moody) Chevalley groups

(

5) (Kac-Moody) Chevalley groups over Z, generators and defining
relations for (Kac-Moody) Chevalley groups

(6) Structure constants for Kac-Moody algebras and Chevalley
groups

Today we will answer the question of constructing (Kac—Moody) Chevalley
groups over Z and of associating defining relations to (Kac—Moody)
Chevalley groups.




LAST TIME: (KAC-MOODY) CHEVALLEY GROUPS

Let g be a symmetrizable Lie algebra or Kac—Moody algebra over C.

Let K be an arbitrary field. Let v, 1 € 1, be the simple roots and e;, f; the
generators of g.

Let Vi be a K—form of an integrable highest weight module V> for g,
corresponding to dominant integral weight X and defining representation
p:g— End(V3).

Fors,t € K, let

Xoi(8) = exp(p(sei)), X—ai(t) = exp(p(tf))-

Then R
G (K) = (Xai(5), X—ai(t) | s,t € K) < Aut(Vy)

is a simply connected (Kac—Moody) Chevalley group corresponding to g.
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CONSTRUCTING A SIMPLY CONNECTED
(KAC-MOODY) CHEVALLEY GROUP

Recall that we chose a lattice Q < A < P between the root lattice Q
and weight lattice P, which can be realized as the lattice of weights of
a suitable representation V.

The simply connected group has desirable properties when we
choose a highest weight module whose set of weights contains all the
fundamental weights.

If we choose A = Q then GV is the adjoint Chevalley group
If we choose A = P then GV is the simply connected Chevalley group
If Q = P, then a representation whose set of weights contains all the

fundamental weights is V = V«1t*«¢ the highest weight module
corresponding to the sum of the fundamental weights.



THE CHEVALLEY GROUP FOR sl3(C)
Let s(3(C) denote the Lie algebra of 3x3 matrices of trace 0 over C.
Let a1, ap denote the simple roots. The basis of the standard 3

dimensional representation p : sl3(C) — End(V) of sl3(C) on
V=CeCoCis:

0

1

0

000 000
Yeay=[1 0 0], x0,={0 0 0].
000 010

Here we are using the Chevalley notation where x,, = ¢;, x_q, = f;.
The weights of p are:

Wi, W2 — Wi, —Wa.

The representation p coincides with the highest weight module V1
with highest weight w;.
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LIE ALGEBRA sl3(C) TO CHEVALLEY GROUP SL3(C)
Let V = V“! be the highest weight module for sl3(C). Let
p : 513(C) — End(V“") be the defining representation. Let s, t € C. In
Aut(V“1), as before, we set

Xai(s) = exp(p(sxa;)),  X—as(t) = exp(p(tx—o;))

2 .2 2 .2
Butx; =x, =0andx;, =x°, = 0thus

1 t 0 1
Xoy(8) =1d +p(sxa;) = (0 1 0], Xx-oq(t) =Id+p(tx—a,) = |t
0 0 1 0

o = o
— O O
N— —

1 0 O 1
Xay(8) =I1d 4+ p(sxa,) = |0 1 t]|, X—a(t)=Id+p(tx_a,) = |0
0 0 1 0

=)
=)
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The lattice generated by the weights of V" is the weight lattice P.
Thus the Chevalley group GV is simply connected.



SIMPLY CONNECTED CHEVALLEY GROUP
CORRESPONDING TO sl3(C)

The simply connected Chevalley group is the group GV < Aut(V*),
generated by the automorphisms x +,:

vl .
G (C) = (xa;(8); x—; () | i=1,2,5,t €C)

= (ep(p(sxa;)), explp(tr_a)) | i=1,2,5,t € C)
1 t 0 1 0
- < 0o 1 0],

1
1
1

0> < 0 0) (1 0
t o, (o 1 ],

0 0 1 0 0

This is the simple Lie group SL3(C).
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ARITHMETIC SUBGROUP G (Z)

The arithmetic subgroup SL,(Z) of SL,(C) is obtained by taking
Z—entries in the matrix representation of SL, (C).

This corresponds to taking ‘Z-points’
GY(Z) = (Xas(8): X—ai(t) | s, t € Z, i €1])
of the Chevalley group G"(C).
For GV (C) = SLy(C), this is the subgroup G (Z) = SLy(Z) generated

by the matrices
1 s 10
0 1)\t 1

This is well known, but does not generalize to exceptional groups or
to Kac-Moody groups.

fors,t € Z.

A crucial fact for generalizing this construction is the following.

The subgroup SL,(Z) of SL,(C) is also the stabilizer of a Z—form V7 of the
standard representation V¢ of the Lie algebra sl,(C).



HIDDEN STRUCTURE

Proposition The subgroup SL;(Z) of SL,(C) is the stabilizer of a Z-form Vy of the
standard representation V¢ of the Lie algebra sl (C).

Proof: Take V7, = Z @ Z and V¢ = C @ C. Then SL,(Q) acts on V:
a b\ (x\ _ [ax+by
c d y)  \ex+dy)”

Suppose now that (z Z) stabilizes Vz:

a b . fa b X u
(¢ 2 ¢ 1)) ()

wheread —bc=1,x,y€ Zandu =ax+by € Z,v =cx + dy € Z.

Take <;> = <(1)> . Then u = ax + by implies b € Z and v = cx + dy implies d € Z.

Take (;) = (é) Then u = ax + by implies a € Z and v = cx + dy implies c € Z.

fa b a b
Thus if (c d) - Vg C V7 then (c d) € SLy(z). O
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"ARITHMETIC SUBGROUP’ OF A (KAC-MOODY)

CHEVALLEY GROUP
For finite dimensional Chevalley groups, Chevalley defined the
arithmetic subgroup GY*(2) as follows:

G"(z) = {g € G (C) | §(Vz) = Vz} < Aut(Vy).

This is the subgroup of G¥” (C) preserving the lattice V3 in the
representation space V.
How does this compare with the ‘group of Z—points’

Gz = (X, (), X—a; () | s, t €Z, i €])

of
G(C = <Xf¥i(s)7xfa,'(t) | S,t € (C, i€ I>7

When g is finite dimensional, it is straightforward to prove that
G (Z) = G;.

When g is an infinite dimensional Kac—Moody algebra, this is a difficult and
substantial theorem, proven by C-Liu.



SUBTLE ISSUES

Ifg= <? Z) € SL»(Z) is written in terms of the generators

<i Z) = Xia(tl)Xia(tz) S Xia(tk)

then it is not necessarily the case that the scalars f; are all integers:

() -wibedned-G DG G

However, since ¢ € SLy(Z) and the x1.(t) generate SL,(Z) fort € Z,
there exist integers s1, . . ., s, such that

8= Xia(sl)xia (52) S Xia(sn)-



THE CHEVALLEY GROUP E;(Z)

Hull and Townsend, following Cremmer and Julia, discovered the
following form of E(Z):

E7(+7)(Z) = E7(47)(R) N 5p(56, Z)
in the framework of type II superstring theory. Soulé gave a rigorous

mathematical proof that the E; (7 (Z) of Hull and Townsend
coincides with the Chevalley Z—form of G = Ey given by

E7(Z) ={g € E7(C) | §(Vz) = Vz} < Aut(Vz).

Here V7 is the stabilizer of the standard lattice in the unique
56—dimensional fundamental representation of E.

The By Gosset polytope 391




GENERATING SETS

Theorem ([CL]) Let R be a commutative ring with 1. Let A be a
dominant integral weight and let V* be the corresponding integrable
highest weight module with simply connected Kac-Moody
Chevalley group

G¥*(R) = (exp(p(ser)), exp(p(tf)) | 5.t € R)
Lets,t € R, u € R* and set
Xar(8) = explp(ser),  X-ai(t) = explp(tf),
D (1) = X (10X (8 Y (1), Do, (1) = Do, ()0, (1)

Then G”” (R) has the following generating sets:

(1) Xa,(s) and x—q, (1),
and
(2) Xa(5) and Wq, (1) = xa,(1)X—a, (=1 Xa, (1)



GENERATING SETS FOR SL,(Z)

The simply connected Chevalley group SL,(Z) has the following
generating sets

(1) xa(1) and x_n(1), corresponding to matrices

1 1 1 0
(O 1) and (1 1).
matrices

(2) Xo(1) and w4 (1) = xa(1)x—a(—1)xa(1), corresponding to

1 1 0 1
o0 1) = (5 o)
where s € Z.



GENERATORS AND RELATIONS FOR CHEVALLEY
GROUPS

Steinberg gave a defining presentation for finite dimensional
Chevalley groups over commutative rings R, using the generating
sets that we have described.

Tits gave generators and relations for Kac-Moody groups,
generalizing the Steinberg presentation.

In the finite dimensional case, there is a Chevalley type commutation
relation of the form

(Xa (u)a XB (U)) = H Xma+np (Cmnaﬁumvn)

m,n

between every pair of elements x., x3.
Here u,v € R, Cyuap are integers and the x, are viewed as formal
symbols in

Uy = {xa(tt) | € A, u € R} = (R, +).

However, in the infinite dimensional case, Tits” presentation of
Kac-Moody groups has infinitely many Chevalley commutation
relations. o T =, (= =




DETERMINING TITS” KAC-MOODY GROUP
PRESENTATION

In the infinite dimensional Kac-Moody case, Tits determined that
whenever a pair of real roots is ‘prenilpotent’, then there is a
Chevalley commutation relation necessary for defining the
Kac-Moody group. In order to make Tits’ presentation complete, we
need to:

Explicitly describe the infinite set of prenilpotent pairs of roots.

This usually requires us to:

Explicitly describe the infinite set of positive real roots.

There is no guarantee that either of these tasks can be carried out in
practice.



PRENILPOTENT PAIRS

Let («, 3) be a pair of real roots and let W denote the Weyl
group. Then («, ) is called a prenilpotent pair, if there exist
w, w' € W such that

wa, wh € AY and w'a, w' € A”.
A pair of roots {«, §} is prenilpotent if and only if & # —f and
(Zsoor + ZsoB) N AT

is a finite set. For every prenilpotent pair of roots {«, 5}, Tits
defined the Chevalley commutation relation

(on(u)v Xﬁ(v)) = H Xmonrn,B(Cmnaﬁumvn)
ma+nBe(Zsoat+ZsoB)NAY

where u,v € R and C0p are integers.

If g is finite dimensional, every pairs (a, ) of roots is
prenilpotent.



THE TITS—STEINBERG PRESENTATION
Let R be a commutative ring with 1. Let g be a finite dimensional
simple Lie algebra or symmetrizable Kac-Moody algebra.
We may associate to g a group G over R, generated by the set of
symbols {x. (1) | « € A, u € R} satisfying relations (R1)—-(R7) below.
Leti,jel,u,v € Rand o, 8 € A™.
(R1) xa(u+0) = Xa(#)xa(v);
(R2) For each prenilpotent pair (a, ),

(Xa(u), XB (’U)) = H Xma+nB (Cmmﬁu’"v")
m,n >0
mo+nf € Lo ® LS

where Cy,8 are integers.
(R3) Wixa (WD = Xuye(Na,itt),
(R4) hi(u)xa (0)hi()~1 = xa (ol for u € R*,
(R5) @il ()} = hiu)hi(u™""),
(R6) hi(uv) = hi(u)h;(v) for u,v € R*, and
(R?7) (hi(u),hj(v)) = 1foru,v € R*.




THE DIFFICULTY OF FINDING PRENILPOTENT PAIRS

For g = ¢10, work of Allcock has shown that the problem of
determining all prenilpotent pairs is tractable but impractical.
Namely, Allcock showed that for the number of W—orbits of
prenilpotent pairs of real roots having inner product equal to k
grows at least as fast as (const)k” as k — oc.

For each such orbit, we then have to enumerate the
prenilpotent pairs of real roots.

We need a different approach.
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SIMPLIFYING TITS” PRESENTATION

Tits” presentation is very redundant and can be reduced significantly.

In joint work with D. Allcock, we obtained a simplification of Tits’
presentation for Kac-Moody algebras that are simply laced and
hyperbolic, giving a finite presentation for these groups over Z.

A Dynkin diagram is simply laced if it consists only of single bonds
between nodes.

This class includes the group E19(Z), conjectured to be a discrete
symmetry group of Type II superstring theory.

Our result shows that in a simply laced hyperbolic Kac-Moody
group, the Chevalley commutation relations arising from simple roots
imply the Chevalley commutation relations arising from all real
roots.
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A FINITE PRESENTATION FOR G(Z)
Let g be a simply laced, symmetrizable and hyperbolic
Kac-Moody algebra.
Tits” presentation can be reduced to the following finite
presentation for G(Z):
Over R = Z, the generators X;(u) are obtained from X; = X;(1)
via X;(u) = X}

Any i

Eachi={1,...,¢}

i # j not adjacent

i # j adjacent

St=1

1

[51‘27Xi} =1

Si = XiSiX;S; ' X;

S5 =S5
Si, Xj] =1

Xi, Xj] =1

SiS;Si = SiSiS;
835872 = 5.
XiS;Si = S;SiX;
$iX;S; 2 =X
X, Xj] = SiX;5;
X, $iX;S; ' =1

Table: The defining relations for G(Z), G simply laced and hyperbolic




COMPARING KAC-MOODY GROUPS

We have been considering the following group constructions:

— Tits’ presentation, which defines a Kac-Moody group,
— Our Kac-Moody Chevalley group G"(C), for some choice of V

We conjecture that over C, Tits” group given by generators and
relations coincides with our Kac-Moody Chevalley group GY(C) for
some choice of highest weight module V.

This involves the functorial properties of Tits’ Kac-Moody group,
which are not completely understood.

In the finite dimensional case, this isomorphism is well known.



THE FEINGOLD-FRENKEL HYPERBOLIC KAC-MOODY
ALGEBRA AE;

Consider the hyperbolic Kac-Moody algebra with generalized Cartan

matrix
2 -1 0
-1 2 =2
0 -2 2

It has been conjectured for some time that this hyperbolic algebra may be an
algebra of internal symmetries of Einstein’s gravitational equations.
The Weyl group W is the (3,2, co)-triangle group:

W = (wy, wa, w3 | w? =1, (wyws)® =1, (wyw3)* = 1),

which is isomorphic to PGL;(Z).The Dynkin diagram

o—C=0
is not simply laced and hence does not satisfy the conditions to give
rise to our finite presentation.
In recent work with Scott Murray, we give a recursive method for
determining the infinite set of prenilpotent pairs of real roots in AE;.



	

