NEWCASTLE AND ACCESS GRID
Nonlinear PDEs Pre-Quiz Due:

1. Consider the nonlinear system

dx dy

Ez(y—x)(l—x—y); %Zx(2+y)r

(a) Determine the critical points of the system.

(b) By considering the Jacobian matrices associated with each critical point, determine
their nature (saddle, proper/improper node, spiral or centre) and their stability (stable,
unstable or asymptotically stable)

2. Show the working leading to a formal solution of the initial-boundary value problem.

ou 0%u
— =3—, O<z< t > 0.
ot Copz 0 TS
Boundary conditions:
ou ou
—(0,t) =0, — (m,t)=0
81‘< 1) T Ox (%)

Initial condition:
u(z,0)=1—sinz, 0<z<m

3. Find a solution to the boundary value problem, showing the working.

Pu  Ou
@—f‘a—yzzo, O<z<m O<y<m

u(0,y) = 0, u(my)=0, 0<y<m
u(z,0) = sinz+sindz, O0<z<m
u(z,m) = 0, O<z<m
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Solutions

1. Consider the nonlinear system

B e Yma2y):

(a) Determine the critical points of the system.
(0,0), (0,1), (3,-2), (-2,-2).

(b) By considering the Jacobian matrices associated with each critical point, determine
their nature (saddle, proper/improper node, spiral or centre) and their stability (stable,
unstable or asymptotically stable)

~1 1
J“m)_( 2 0>

which has eigenvalues —2, 1. Therefore it is a saddle and unstable.

-1 -1
J““)_( 3 0 )

which has eigenvalues —0.5 + iv/2.75. Therefore it is a sprial sink and stable.

5 5
T2 = < 0 3)

which has eigenvalues 5, 3. Therefore it is a source and unstable.

~5 5
J2-) :< 0 —2)

which has eigenvalues —5, —2. Therefore it is a sink and stable.

2. Show the working leading to a formal solution of the initial-boundary value problem.

ou 9%u
— =3—, U<z t> 0.
o~ oz TS
Boundary conditions:
ou ou
(0.t = el 1) =
ox (0,2) =0, oz (1) =0

Initial condition:
u(z,0)=1—-sinz, 0<z<m

Separate variables by putting u(x,t) = X (z)T'(t) in the PDE. This gives

[o.e]
a2
u(z,t) =ag+ E ane 2" cosna
n=1
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From the initial conditions we obtain

1
ag = — (m — 2)
s
and
0, n is odd
ay = 4 .
————, niseven
m(n2—1)

3. Find a solution to the boundary value problem, showing the working.

Pu 0%u
@+a—y2:0,0<x<w,0<y<ﬂ
uw(0,y) = 0, u(my)=0, 0<y<m
u(x,0) = sinz+sindz, 0<z<m

u(z,m) = 0, O0<z<m

Using separation of variables we obtain

u(z,y) = Z a, sinnz (sinh (n (y — m)))
n=1
The boundary conditions gives us
1
a =
! sinh ()
1
ay = ——
! sinh (37)

and all other a,, are zero.
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